Abstract. We prove a "strong" Durfee-type inequality for isolated hypersurface surface singularities, which implies Durfee's strong conjecture for such singularities with non-negative topological Euler number of the exceptional set of the minimal resolution.
Introduction
Let (X, 0) be an isolated hypersurface surface singularity, that is, X = {h(x, y, z) = 0} ⊂ C 3 for some analytic function h on a neighborhood at the origin 0 ∈ C 3 with an isolated singularity 0 ∈ X. The geometric genus p g of (X, 0) is defined by dimH 1 (O X ), where X → X is a resolution. Let M = X ε ∩ B be a (generic) Milnor fiber, where X ε = {h(x, y, z) = ε} is a smoothing of (X, 0) and B ⊂ C 3 is a small closed ball centered at the origin. The rank µ of the second homology group H 2 (M, Z) is called the Milnor number. Let µ + (resp. µ − , µ 0 ) be the number of positive (resp. negative, 0) eigenvalues of the natural intersection form
The original Durfee's conjectures [1] for hypersurface singularities are as follows: (Weak conjecture) σ ≤ 0. (Strong conjecture) 6p g ≤ µ. From Durfee's result 2p g = µ + + µ 0 [1] , the weak conjecture is equivalent to 4p g ≤ µ + µ 0 . Thus the strong conjecture implies the weak conjecture. Kollár and Némethi showed in [3] that the weak conjecture is true. Moreover, they showed that the strong conjecture is true for hypersurface singularities with integral homology sphere link. In this paper, we attack Durfee's conjectures by using the method of invariants of fibered surfaces and show that the strong conjecture is true for a large class of hypersurface singularities. Our main theorem is as follows:
Theorem 0.1. Let (X, 0) be an isolated hypersurface surface singularity with Milnor number µ and geometric genus p g > 0. Then we have
where χ top (A) is the topological Euler number of the exceptional set A of the minimal resolution π : X → X and s is the number of irreducible components of A. In particular, the strong conjecture holds if χ top (A) ≥ 0 and the week conjecture holds for any isolated hypersurface surface singularity.
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Proof of the main theorem
Let f : S → B be a surjective morphism from a non-singular projective surface S to a nonsingular projective curve B. If any general fiber F is a non-singular plane curve of degree d, Z ≥0 (which is called a Horikawa index) such that for any relatively minimal plane curve fibration f : S → B of degree d, the value Ind d (F ) equals to 0 for any general fiber F of f and
holds, where
is regarded as the fiber germ over p ∈ B.
Definition 1.2. Let (f : S → ∆, F 0 ) be a relatively minimal fiber germ of plane curves. Then we can take a line bundle L on S such that the restriction L| F to the general fiber F defines the embedding F ⊂ P 2 (cf. Theorem 1.1 in [2] ). Thus the relative linear system f * L defines a birational map onto the image S X ⊂ ∆ × P 2 . If the image X has only one isolated singularity x, we call the pair (X, x) an isolated hypersurface singularity associated to a fiber germ f : S → ∆ of plane curves.
For an isolated hypersurface singularity (X, x) associated to a fiber germ (f, F 0 ) of plane curves of degree d, the Horikawa index Ind d (F 0 ) can be computed by some invariants of the singularity (X, x): Lemma 1.3. Let (X, x) be an isolated hypersurface singularity associated to a fiber germ (f : S → ∆, F 0 ) of plane curves of degree d with Milnor number µ and geometric genus p g . Then we have
where χ top (A) is the topological Euler number of the exceptional set A of the minimal resolution of (X, x) and ǫ is the number of blow-ups in the minimal desingularization of indeterminacy of the rational map S X.
Proof. Let (X, x) be an isolated hypersurface singularity associated to a fiber germ (f : S → ∆, F 0 ) of plane curves of degree d. Let π : S → X be the minimal desingularization of indeterminacy of the rational map S X, which is nothing but the minimal resolution of (X, x). Taking algebraization of the fiber germ f : S → ∆ in the sense of Lemma 4.2 in [2] , we may assume that ∆ = P 1 . Let f : S → P 1 and f : X → P 1 denote the natural fibrations. Let K be the canonical cycle of the minimal resolution of (X, x). Then we have
On the other hand, we have
Proof of Theorem 0.1. Let (X, x) be an isolated hypersurface surface singularity with Milnor number µ and geometric genus p g > 0. Note that (X, x) is not a rational double point. From Lemma 1.4, we may assume that (X, x) is an isolated hypersurface singularity associated to a fiber germ (f, Since the left hand side of the above inequality is an integer, we get
